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Alice:  x ∈ {0,1}n

Q:  How many bits to communicate to decide x = y?

Bob:  y ∈ {0,1}n



Alice:  x ∈ {0,1}n

Q:  How many bits to communicate to decide x = y?
Deterministic:  n bits

Bob:  y ∈ {0,1}n



Alice:  x ∈ {0,1}n

Q:  How many bits to communicate to decide x = y?
Deterministic:  n bits Randomised: O(1)

Bob:  y ∈ {0,1}n
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Cost: 3 bits 

Error: 1/4

Equality 
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Main question 

Which problems have 
constant cost?



Main question 

Which problems have 
constant cost?

TL;DR • New perspective + tools 

• Few examples known 

• Many open problems!
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Tree 
Adjacency 

Problem

Alice:
Bob:

x ∈ V
y ∈ V

Does  x ∼ y?

=  O(1) cost2  Equality tests!
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Quiz 2

Planar 
Adjacency 

Problem

Planar graph is union of 3 forests
 Run Tree Adjacency thrice→

Alice:
Bob:

x ∈ V
y ∈ V

Does  x ∼ y?
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Alice:
Bob:

Quiz 3

1-Hamming 
Distance 
Problem

001110001010100010010101010010
001110101010100010010101010010

Differ in one coordinate?

k-HD has complexity Θ(k log k)
[Saglam, FOCS’18]
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Alice:

Bob:

Large alphabet?

Large Alphabet 
1-HD Problem

ATGCGATA

ATGTGATA

 1000 0100 0010 0001 0010 1000 0100 1000→

 1000 0100 0010 0100 0010 1000 0100 1000→



Alice:

Bob:

Large alphabet?

Large Alphabet 
1-HD Problem

ATGCGATA

ATGTGATA

 1000 0100 0010 0001 0010 1000 0100 1000→

 1000 0100 0010 0100 0010 1000 0100 1000→

Differ in two coordinates?



Alice:

Bob:

Large alphabet?

Large Alphabet 
1-HD Problem

ATGCGATA

ATGTGATA

 1000 0100 0010 0001 0010 1000 0100 1000→

 1000 0100 0010 0100 0010 1000 0100 1000→

Differ in two coordinates?
 Run 2-HD protocol→
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x ∈ [n]
y ∈ [n]

Does x ≥ y?



Alice:

Bob:

Non-example

Greater-Than 
Problem

1 1 1 1 1 1 1 1 1

0 1 1 1 1 1 1 1 1

0 0 1 1 1 1 1 1 1

0 0 0 1 1 1 1 1 1

0 0 0 0 1 1 1 1 1

0 0 0 0 0 1 1 1 1

0 0 0 0 0 0 1 1 1

0 0 0 0 0 0 0 1 1

0 0 0 0 0 0 0 0 1

x ∈ [n]
y ∈ [n]

Does x ≥ y?
Cost     [BW15, Vio15] 

Note  VC = O(1)  and  rk  = O(1)

Θ(log log n)
±



Enough examples…  Next: 

Structure theory
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Tree 
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Planar 
Adjacency Equality≤ ≤

A  B :≤ A can be solved deterministically 
by making O(1) oracle calls to B 

Alice:

Bob:

 x          x’

B
→

→
B(x’,y’) → ⋯

 y         y’
→→ B(x’,y’) → ⋯

→

→
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Reductions

Tree 
Adjacency

Planar 
Adjacency Equality≡ ≡

A  B :≤ A can be solved deterministically 
by making O(1) oracle calls to B 



Equality ≤

Reductions

A  B :≤ A can be solved deterministically 
by making O(1) oracle calls to B 

1-Hamming 
Distance



Equality

Reductions

A  B :≤ A can be solved deterministically 
by making O(1) oracle calls to B 

1-Hamming 
Distance<

[HHH’22, HWZ’22]
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Equality <

Infinite hierarchy

1-HD 2-HD ⋯

Does every O(1)-cost problem reduce to k-HD?
Is this everything?

< <

[FHHH, STOC’24]

(+ no single complete problem)

[HHH22b, HWZ22, HHH22a, EHK22, HHP+22, HZ24, HH24, FHHH24]

3-HD <



Main result

New O(1)-cost problem 
that does not reduce to k-HD



Main result

New O(1)-cost problem 
that does not reduce to k-HD

Bonus:  Fun coding theory lemma



New problem



{4,4}-Hamming Distance

Alice:  X ∈ {0,1}n×n Bob:  Y ∈ {0,1}n×n

01100110111110 
10001001111111 
01000010101011 
01010111000010 
10011100101111 
10010111001001 
11100000000000

01100110111110 
10001001111111 
00001010100111 
01010111000010 
10011100101111 
10110101101000 
11100000000000
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Check 
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dist(XA, YA) = 4
dist(XĀ, YĀ) = 4



{4,4}-Hamming Distance

01100110111110 
10001001111111 
01000010101011 
01010111000010 
10011100101111 
10010111001001 
11100000000000

= 
= 

dist: 4 
= 
= 

dist: 4 
=

Output 
“YES”

01100110111110 
10001001111111 
00001010100111 
01010111000010 
10011100101111 
10110101101000 
11100000000000

Alice:  X ∈ {0,1}n×n Bob:  Y ∈ {0,1}n×n

O(1)-cost protocol: 
Check two unequal rows 
Choose random  
Check  
Check 

∃
A ⊆ [n]

dist(XA, YA) = 4
dist(XĀ, YĀ) = 4

Main result: 

{4,4}-HD  k-HD≰



Why {4,4} ?



{1,1}-Hamming Distance
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10001001111111 
00000010100111 
01010111000010 
10011100101111 
10010111001001 
11100000000000

01100110111110 
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= 
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= 
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Output 
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{2,2}-Hamming Distance

01100110111110 
10001001111111 
00000010100111 
01010111000010 
10011100101111 
10010111001001 
11100000000000

= 
= 

dist: 2 
= 
= 

dist: 2 
=

Output 
“YES”Alice:  X ∈ {0,1}n×n Bob:  Y ∈ {0,1}n×n

01100110111110 
10001001111111 
00001010000111 
01010111000010 
10011100101111 
11010111001000 
11100000000000



{2,2}-Hamming Distance

01100110111110 
10001001111111 
00000010100111 
01010111000010 
10011100101111 
10010111001001 
11100000000000

= 
= 

dist: 2 
= 
= 

dist: 2 
=

Output 
“YES”Alice:  X ∈ {0,1}n×n Bob:  Y ∈ {0,1}n×n

01100110111110 
10001001111111 
00001010000111 
01010111000010 
10011100101111 
11010111001000 
11100000000000

Oracle protocol: 
Check  two unequal rows 
Check  
# Must be {2,2} or {1,3} 

Let  be row parities 
Check 

∃
dist(X, Y) = 4

(x, y)
x = y



Coding lemma 
Towards  {4,4}-HD    k-HD≰



Let   

Call   an -code iff 

  

whenever  is defined

f : {2,4,6} → ℕ
E : {0,1}n → {0,1}m f

dist(E(x), E(y)) = f(dist(x, y))
f

Definition
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for infinitely many , then 

f
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Let   

Call   an -code iff 

  

whenever  is defined

f : {2,4,6} → ℕ
E : {0,1}n → {0,1}m f

dist(E(x), E(y)) = f(dist(x, y))
f

Definition

Lemma
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Let   

Call   an -code iff 

  

whenever  is defined

f : {2,4,6} → ℕ
E : {0,1}n → {0,1}m f

dist(E(x), E(y)) = f(dist(x, y))
f

Definition

Lemma

Examples

f(d)
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0        1        2        3        4

 E(x) = xx
m = 2n



If there exists -codes 
for infinitely many , then 

f
n

f(4) = 1
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Let   

Call   an -code iff 

  

whenever  is defined

f : {2,4,6} → ℕ
E : {0,1}n → {0,1}m f

dist(E(x), E(y)) = f(dist(x, y))
f

Definition
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d
0        1        2        3        4
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m = 2n



If there exists -codes 
for infinitely many , then 

f
n

f(4) = 1
2 ( f(2) + f(6))

Let   

Call   an -code iff 

  

whenever  is defined

f : {2,4,6} → ℕ
E : {0,1}n → {0,1}m f

dist(E(x), E(y)) = f(dist(x, y))
f

Definition

Lemma

Examples

f(d)

d
0        1        2        3        4

 E(x) = ⊕i xi
m = 1
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{4,4}-HD    k-HD≰

Infinite -code family hasf
f(4) = 1

2 ( f(2) + f(6))

Main result

Coding lemma ⟹
⟹

Ramsey theoryEasy
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 non-affine -code       {4,4}-HD    k-HD∃ f E ⟹ ≤

Oracle protocol: 
Check  two unequal rows 
Check  
# {1,7}, {2,6}, {3,5}, or {4,4} 

Check row parities 
# {2,6} or {4,4} 

Encode rows by , check: 

∃
dist(X, Y) = 8

E
dist(E(X), E(Y)) = 2⋅f(4)

Alice 
X ∈ {0,1}n×n

Bob 
Y ∈ {0,1}n×n



 non-affine -code       {4,4}-HD    k-HD∃ f E ⟹ ≤

 
 
 
 

X1
X2
X3
X4
X5

Oracle protocol: 
Check  two unequal rows 
Check  
# {1,7}, {2,6}, {3,5}, or {4,4} 

Check row parities 
# {2,6} or {4,4} 

Encode rows by , check: 

∃
dist(X, Y) = 8

E
dist(E(X), E(Y)) = 2⋅f(4)

 
 
 
 

Y1
Y2
Y3
Y4
Y5

Alice 
X ∈ {0,1}n×n

Bob 
Y ∈ {0,1}n×n

X : Y :



 non-affine -code       {4,4}-HD    k-HD∃ f E ⟹ ≤

 
 
 
 

E(X1)
E(X2)
E(X3)
E(X4)
E(X5)

Oracle protocol: 
Check  two unequal rows 
Check  
# {1,7}, {2,6}, {3,5}, or {4,4} 

Check row parities 
# {2,6} or {4,4} 

Encode rows by , check: 

∃
dist(X, Y) = 8

E
dist(E(X), E(Y)) = 2⋅f(4)

 
 
 
 

E(Y1)
E(Y2)
E(Y3)
E(Y4)
E(Y5)

Alice 
X ∈ {0,1}n×n

Bob 
Y ∈ {0,1}n×n

E(X) : E(Y) :



{4,4}-HD    k-HD≰

Infinite -code family hasf
f(4) = 1

2 ( f(2) + f(6))

Main result

Coding lemma

⟺



Next for O(1)-cost? 

Open problems



Open problems
• More examples! 

Complete hierarchy? 
Characterisation? 

• Structure of O(1)-cost 
Monochrome rectangles? 
One-sided error? 

• Intersection classes 
• O(1)-rk  closed under OR? ±

O(1)-cost

O(1)-rk±

Equality

k-HD

Greater-Than

{4,4}-HD





Thank you!


