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The Light Bulb Problem (Valiant 1988)

Given as input n Boolean vectors of length d with the promise
that the vectors are uniform random except for two vectors that
are >ρ-correlated, how quickly can one find the correlated pair?

(The correlation of two vectors x, y ∈ {−1, 1}d is 1
d 〈x, y〉 =

1
d
∑d

i=1 xiyi .)



Example with Matlab

n = 200; % number of light bulbs to observe
rho = 0.7; % planted correlation strength
d = ceil(5/(rho*rho)*log(n)); % dimension to get unique pair whp
ij = randperm(n,2); % the planted pair (i,j)
a = 2*round(rand(n,d))-1; % generate the random background
m = ones(1,d); % plant the correlation ...
m(randperm(d,floor(d*(1-rho)/2)))=-1; % ... flip coordinates with -1 in m
a(ij(1),:)=a(ij(2),:).*m; % ... insert correlation between (i,j)

imshow(a) % display the data



Uniqueness of the correlated pair via Hoe�ding’s inequality

I Hoe�ding (1963). Let Z1,Z2, . . . ,Zd be independent random variables with
ai ≤ Zi ≤ bi for i = 1, 2, . . . , d and let Sd = Z1 + Z2 + . . . + Zd . Then,

Pr
(
|Sd − E[Sd ]| ≥ t

)
≤ 2 exp

(
−2t2∑d

i=1 (bi − ai )
2

)

I For Z1,Z2, . . . ,Zd ∈ {−1, 1} uniform random and ρ ≥ 0, we thus have

Pr
(
|Sd | ≥ ρd

)
≤ 2 exp

(
−
ρ2d

2

)
I For d ≥ 5ρ−2 log n we have Pr

(
|Sd | ≥ ρd

)
≤ 2n−5/2, which by the union bound on the(

n
2

)
pairs of vectors implies the ρ-correlated pair is unique with probability at least

1 − O(n−1/2)



An incomplete bibliography on the light bulb problem

I Valiant [7]

I Paturi, Rajasekaran, and Reif [5]

I Valiant [6]

I Karppa, Kaski, and Kohonen [3]

I Karppa, Kaski, Kohonen, and Ó Catháin [4]

I Alman [1]

I Alman and Zhang [2]
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